UNIT – III
Columns with various end conditions 
 Euler’s Column  
 Rankine’s formula 
Column with initial curvature 
Eccentric loading 
Southwell plot 
Beam column, Short column, Long column, Stability of columns.
























PART – A

1. Define crippling load.

	The compression members which we come across do not fail entirely by crushing. These members are considerably long in comparison with their lateral dimensions. Hence, these members start bending, i.e buckling when the axial load reaches a certain critical value. Once a member shows signs of buckling it will lead to the failure of the member. This load at which the member just buckles is called buckling load or critical load or crippling load. The buckling load is less than the crushing load. The value of the buckling load is low for the long members and relatively high for short members. The value of the buckling load for a given member depends upon the length of the member and the least lateral dimension.

2. Define effective length of a column.

	The effective length of a given column with given end conditions is the length of a equivalent column of the same material and section with hinged ends having the value of the crippling load equal to that of the given column.

3. Write the relation between effective length and actual length for various end conditions of column.

	Actual length of column = l, effective length = L

	Case 1
	Both ends hinged
	L = l

	Case 2
	One end fixed, One end free
	L = 2l

	Case 3
	Both ends fixed
	


	Case 4
	One end fixed, one end hinged
	






4. What are the assumption made in Euler’s theory?

Euler’s formula for the cripping load is based on the following assumption :

(i) The column I initially perfectly straight and is axially loaded.
(ii) The section of the column is uniform.
(iii) The column material is perfectly elastic, homogeneous and isotropic and obeys Hooke’s law.
(iv) The length of the column is very large compared to the laternal dimensions.
(v) The direct stress is very small compares with bending stress corresponding to the buckling condition.
(vi) The self-weight of the column is ignorable.
(vii) The column will fail by buckling alone.

5. Define slenderness ratio of the column.


	The ratio  is called the slenderness ratio of the column.

6. Write Rankine’s formula for colum.

	Let P be the actual crippling load. Rankine stated his empirical formula


		

Where		Pc = Fc A = crushing load

		Pe = Buckling load according to Euler’s formula

		     = Eulerian load = 


7. Define factor of safety for column.

This is the ratio of the critical load to the safe load on the column.

8. Define Column

	A structural member, subjected to an axial compressive force is called a strut.  A strut may be horizontal, inclined or even vertical.  But a vertical strut used in buildings or frames is called a column and whose lateral dimensions are small as compared to its height.

9. What are the types of column failure?

1. Crushing failure:

		The column will reach a stage, when it will be subjected to the ultimate crushing stress, beyond this the column will fail by crushing.  The load corresponding to the crushing stress is called crushing load.  This type of failure occurs in short column.

2. Buckling failure:

		This kind of failure is due to lateral deflection of the column.  The load at which the column just buckles is called buckling load or crippling load or critical load.  This type of failure occurs in long column.

10. What is slenderness ration (buckling factor)?  What is relevance in column?

	It is the ratio of effective length of column to the least radium of gyration of the cross sectional ends of the column.
	Slenderness ration = 1 eff / r
	1 eff = effective length of column
	r = least radius of gyration

	Slenderness ratio is used to differentiate the type of column.  Strength of the column depends upon the slenderness ratio, it is increased the compressive strength of the column decrease as the tendency to buckle is increased.
11. What are the factors affect the strength column?

	1. Slenderness ratio

		Strength of the column depends upon the slenderness ratio, it is increased the compressive strength of the column decrease as the tendency to buckle is increased.

	2. End conditions:  Strength of the column depends upon the end conditions also.

12. Differentiate short and long column

	Short column
	Long column

	1. It is subjected to direct compressive stresses only.
	It is subjected to buckling stress only.

	2. Failure occurs purely due to crushing only.
	Failure occurs purely due to buckling only.

	3. Slenderness ratio is less than 80.
	Slenderness ratio is more than 120.

	4. It’s length to least lateral dimension is less than 8.  (L / D < 8)
	It’s length to least lateral dimension is more than 30.  (L / D > 30)



13. What are the assumptions followed in Euler’s equation?

	1. The material of the column is homogeneous, isotropic and elastic.
	2. The section of the column is uniform throughout.
	3. The column is initially straight and load axially.
	4. The effect of the direct axial stress is neglected.
	5. The column fails by buckling only.

14. What are the limitations of Euler’s formula?

	1. It is not valid for mild steel column.  The slenderness ratio of mild steel column is less than 80.
	2. It does not take the direct stress.  But in excess of load it can withstand under direct compression only.
15. Write the Euler’s formula for different end conditions.

	1. Both ends fixed.

				
	2. Both ends hinged

				
	3. One end fixed, other end hinged.

								L = Length of the column
	4. One end fixed, other end free.

				

16. Define: Equivalent length of the column.

	The distance between adjacent points of inflection is called equivalent length of the column.  A point of inflection is found at every column end, that is free to rotate and every point where there is a change of the axis.  i.e, There is no moment in the inflection points.  (Or)

	The equivalent length of the given column with given end conditions, is the length of an equivalent column of the same material and cross section with hinged ends, and having the value of the crippling load equal to that of the given column.

17. What are the uses of south well plot?  (Column curve).

	The relation between the buckling load and slenderness ratio of various column is known as south well plot.

	The south well plot is clearly shows the decreases in buckling load increases in slenderness ratio.

	It gives the exact value of slenderness ratio of column subjected to a particular amount of buckling load.
18. Give Rankine’s formula and its advantages.


	

Where , PR = Rankine’s critical load
	   fC = yield stress
	    A = cross sectional area
	      a = Rankine’s constant
	     leff = effective length
	      r = radius of gyration
	
	In case of short column or strut, Euler’s load will be very large.  Therefore, Euler’s formula is not valid for short column.  To avoid this limitation, Rankine’s formula is applicable for both long and short column.

19. Write Euler’s formula for maximum stress for a initially bent column?

	σ max = P / A + ( M max / Z)

		 = P / A +
Where, P = axial load
	 A = cross section area
	 PE = Euler’s load
	  a = constant
	  Z = section modulus

20. Write Euler’s formula for maximum stress for a eccentrically loaded column?

	σ max = P / A + ( M max / Z)

		 = P / A + 
Where, P = axial load
	 A = cross section area
	 PE = Euler’s load
	  e = eccentricity
	  Z = section modulus
	  EI = flexural rigidity	

21. What is a beam column?  Give examples.

	Column having transverse load in addition to the axial compressive load are termed as beam column.

		Eg: Engine shaft, Wing of an aircraft.

22. Write the expressions for the maximum deflection developed in a beam column carrying central point load with axial load, hinged at both ends.


	
Where,  δO = QL3 / 48EI
		Q = central point load
		P = axial load
		PE = Euler’s load

23. Write the expressions for maximum bending moment and max.  Stress developed in a beam column carrying central point load hinged at both ends.


	M max = 
	σ max = P / A + ( M max / Z)
Where, 
	MO = QL / 4
	   Q = central point load
	    P = axial load
	    PE = Euler’s load
	     Z = section modulus



24. Write the expressions for the maximum deflection developed in a beam column carrying uniformly distributed load with axial load, hinged at both ends.


	
 Where, 
		δO  = 5w L4 / 384 EI
		 w = uniformly distributed load / m run.
		  P = axial load
		PE = Euler’s load.

25. Write the expressions for the maximum bending moment and max, stress developed in a beam column carrying uniformly distributed load with axial load, hinged at both ends.


		M max = 
		σ max = P / A + ( M max / Z)
Where,

	MO = wL2 / 8
	 w = uniformly distributed load / m run
	  P = axial load
	  PE = Euler’s load
	   Z = section modulus

26. Write the expressions for the deflection developed in a beam column carrying several point loads at different distance with an axial load, hinged at both ends.




27. Write the general expressions for the maximum bending moment, if the deflection curve equation is given.

		BM = - EI (d2y / dx2)
PART – B

1. Derive the expression for crippling load when both ends of the column are hinged.

Case 1 : when both ends of the column are pinned or hinged.

The following fig. shows a column AB of the length l and uniform sectional area a, hinged at both the ends A and B. let P be the crippling load at which the column has just buckled.

Consider any section at a distance x from the end B. let y be the deflection (lateral displacement) at the section.

[image: scan0017]The bending moment at the section is given by,


							fig.

The solution to the above differential equation is


	

Where C1 and C2 are constants of integration.

At B, the deflection is zero.

 At			x = 0,  y = 0
			C1 = 0
A also, the deflection is zero.

i.e at			x = l, y = 0

			0 = C2 
Since C1 = 0 we conclude that C2 cannot be zero.

This is because if both C1 and C2 are zero the column will not bend at all.


Hence sin

	

Considering the least practical value,


		

2. Derive the expression for crippling load when one end of a column is fixed and other is free.

Case 2 : when one is fixed and the other is free.

The following fig. shows a column AB of length l whose lower end B is fixed, the upper end A being free. Let due to the crippling load P the column just buckle. Let a be the deflection at the top end.


								
[image: scan0018]
Where y is the deflection at X.


	

The solution to the above differential equation is


			                   Fig.

Where C1 and C2 are constants of integration.

At B, the deflection is zero.

 At			x = 0,  y = 0
			0 = C1 + 0	 C1 = -a

The slope at any section is given by


		

At B the slope is zero,


At 		x = 0, 

		0=
		C2 = 0


At A the deflection is a 

AAt		x = l, y = a

		a = -a cos 

		

Considering the least practical value,


		









3. Derive the expression for crippling rod when both ends of the column are fixed.

Case 1 : when both ends of the column are fixed.

[image: scan0018]The following fig. shows a column AB of the length l whose ends A and are both fixed. Obviously there will be a restraint moment say M0 at each end. Let P be the crippling load.

Consider any section X distance x from the lower end B. The bending moment at the section X, is given by.


								fig. 

The solution to the above differential equation is


	

Where C1 and C2 are constants of integration. The slope at any section is given by 


			

At B, the deflection is zero.

 At			x = 0,  y = 0
			C1 = 0


			

At B, the slope is zero,


At			x = 0, 

			0=

At A, the deflection is zero

At 			x = l,  y = 0


			



Considering the first practical value,


		

4. Derive the expression for crippling load when one end of the column is fixed and the other end is hinged.

Case 4 : when one end of the column is fixed and other end is pinned or hinged.

The following fig. shows a column AB of the length l whose upper end A is hinged while its lower end B is fixed.

[image: scan0019]Let P be the crippling load. Studying the nature of bending we realize that there will be a restraint moment Mb at the lower fixed end.

The existence of the restraint moment therefore justifies the need for 
horizontal force also at the top end a without 
which no bending moment can occur at B. 
hence the hinge at A must exert a horizontal force H at A.


Consider any section X at a distance x from the lower fixed end B. 



The bending moment at the section is given by,


						fig. 

The solution to the above differential equation is


	

Where C1 and C2 are constants of integration. The slope at any section is given by,


	

At B, the deflection is zero.

 At			x = 0,  y = 0

			0 = C1 +

At B, the slope is zero,


At			x = 0, 

			0=


At A, the deflection is zero

At 			x = l,  y = 0

			


Simplifying we get,	

The solution to this equation is


		

		

Approximately 20.25 = 22


		

5. Calculate the safe compressive load on a hollow cast iron column (one end rigidly fixed and the other hinged) of 150 mm external diameter and 100 mm internal diameter and 10m in length. Use Euler’s formula with a factor of safety of 5 and E = 95 K N/mm2.

Solution :
			D = 150 mm d = 100 mm



			

6. A hollow alloy tube 5 metre long with external and internal diameters equal to 40 mm and 25 mm respectively was found to extend by 6.4 mm under a tensile load of 60 kN. Find the buckling load for the tube, when used as a column with both ends pinned. Also find the safe compressive load for the tube, with a factor of safety of 4.

Solution :

		Area of the section = 
When subjected to tension


		Extension 


		

When used as a column	


Buckling load		

Safe load, with a factor of safety of 4


			


7. A bar of length 4 meters when used as a simply supported beam and subjected to a uniformly distributed load of 30 kN/m. Over the whole span deflects 1.5 mm at the centre. Determine the crippling loads when it is used as a column with the following conditions:
i) Both ends pinjointed
ii) One end fixed and the other hinged,
iii) Both ends fixed 

Solution :

Analysis as a beam 	w = 30 kN/m	= 30 N/mm
			l = 4000 mm,  = 15 mm.

			

		

Analysis as a column

i) When both ends are hinged


Crippling load	

ii) When one end is fixed and the other end is hinged.


Crippling load	

iii) When both ends are fixed


Crippling load	


8. Determine the ratio of the buckling strengths of two circular columns – one hollow and the other solid. Both the columns are made of the same material and have the same length, cross-sectional area and end conditions. The internal diameter of the hollow column is half of its external diameter.

Solution :
		D1 = External diameter of the hollow column
		D2 = 0.5 d1 = internal diameter of the hollow column
		D = Diameter of the solid column

Since both the columns have the same area


	


Buckling load for the hollow column= Ph=

Buckling load for the solid column = 

		

9. Derive the expression for load when column subjected to eccentric loading.

Rankine’s Method: Consider a short column subjected to an eccentric load P. let e be the eccentricity from the geometric axis. Let A be the sectional area of the member.




Let f be the safe stress for the column material

Safe load for the column at the eccentricity e is given by

				

If the effect of buckling be also included, the safe eccentric load

				

Where l = effective length of the column

ii) Euler’s Method:

[image: scan0020]Consider a column AB of length l subjected to an eccentric load O at eccentricity e. let the top of the column be free and the bottom of the column be fixed. Let y be the deflection at any section X distant x from the fixed end B. let a be the deflection at A.

The bending moment at the section X is given by


								fig. 

The solution to the above differential equation is given by,




The slope ay any section is given by 





At B,			x = 0 and y = 0, and 
			0 = C1 + (a+e)


and 			0 = C2 

At A,			x = l and y = a

			a = - (a+e) cos l

			a = (a+e) 

			(a+e) cos l 


			a + e = e sec l 

The maximum bending moment for the column occurs at B and is equal to P (a+e)


	Max.B.M. = M = Pe sec l 


Hence the maximum compressive stress for the column section at B


			

If both ends of the column had been hinged, it can be shown that the maximum bending moment

			

10. A column of circular section made of cast iron 200 mm external diameter and 20 mm thick is used as a column 4 metres long. Both ends of the column are fixed. the column carries a load of 150 kN at an eccentricity of 25 mm from the axis of the column. Find the extreme stresses on the column section.

Find also the maximum eccentricity in order there may be no tension anywhere on the section. Take E = 94000 N/mm2.

Solution :

Area of the column = 

Moment of inertia of the section about a diameter

					= 


 Section modulus			


Effective length of the column 

Maximum bending moment 

Let us determine the angle 


			

Maximum bending moment M = 150  1000  25  1.017 = 3813750 N mm



If tension is just to be avoided corresponding to the maximum eccentricity.


				



11. Derive the expression for maximum compressive stress if column with initial curvature.
The following fig. shows a column AB of length l with both its ends pinned. The column has an initial curvature having a central deflection a’.

Let at a distance x from the end B the initial deflection be y’. For purpose of analysis let us assume a sine curve for the initial deflection be y’. For purpose of analysis let us assume a sine curve for the initial profile of the centre line of the column,

So that,

		

When the loading on the column reaches the critical value P, the column will deflect to the form ACB, so that the deflection at x changes from y’ to y. this happens due to the bending moment Py.




Let the solution to the above differential equations be given by

		

Where c is a constant of integration.


	


Substituting the expressions for y and in equation (ii) we have,

	

Hence the equation to the deflected form of the column is given by


		

The deflection will be a maximum at the mid-section C.

Let a be the central deflection
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